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The basic first-order differential operators of spin geometry that are Dirac operator and twistor
operator are considered. Special types of spinors defined from these operators such as twistor spinors
and Killing spinors are discussed. Symmetry operators of massless and massive Dirac equations are
introduced and relevant symmetry operators of twistor spinors and Killing spinors are constructed
from Killing-Yano (KY) and conformal Killing-Yano (CKY) forms in constant curvature and Einstein
manifolds. The squaring map of spinors gives KY and CKY forms for Killing and twistor spinors
respectively. They constitute a graded Lie algebra structure in some special cases. By using the
graded Lie algebra structure of KY and CKY forms, extended Killing and conformal superalgebras
are constructed in constant curvature and Einstein manifolds.
Keywords: Killing spinors, twistor spinors, (conformal) Killing-Yano forms, superalgebras
MSC codes: 53C28, 81R25, 53C75, 17B70
I. INTRODUCTION
In spin geometry, sections of the spinor bundle on a spin manifold are called spinor fields and basic first-order
differential operators defined on spinor fields are Dirac operator and twistor operator. They are defined in terms
of the Clifford product and spinor covariant derivative. Spinors that are in the kernel of the Dirac operator are
called harmonic spinors and the set of spinors which are in the kernel of the twistor operator consists of twistor
spinors [5, 21, 23]. Moreover, twistor spinors that also correspond to the eigenspinors of the Dirac operator with
non-zero eigenvalues are called Killing spinors. The existence of twistor and Killing spinors put some restrictions on
the curvature characteristics of the underlying manifold [4, 20].
Spinor bilinears that are constructed from a spinor and a dual spinor can be written as a sum of differential
forms through Fierz identity. The 1-form part of spinor bilinears which are called Dirac currents correspond to the
metric duals of Killing vector fields and conformal Killing vector fields in the cases of Killing spinors and twistor
spinors, respectively. Similarly, p-form Dirac currents of Killing and twistor spinors satisfy the Killing-Yano (KY)
and conformal Killing-Yano (CKY) equations, respectively [1, 24]. KY forms and CKY forms are defined as the
antisymmetric generalizations of Killing and conformal Killing vectors to higher degree differential forms and they
satisfy graded Lie algebra structures in constant curvature manifolds [2, 13, 18].
On the other hand, one can construct symmetry operators for the differential equations written in terms of Dirac
operator and twistor operator. Symmetry operator of an equation takes a solution of the equation and gives another
one. Symmetry operators of massles and massive Dirac equations are constructed from CKY and KY forms, respec-
tively [3, 6–8]. On some special cases, these can also be generalized to twistor and Killing spinor cases. In constant
curvature manifolds, the symmetry operators for the Killing spinor equation can be constructed from odd degree KY
forms and for twistor equation, they are constructed out of CKY forms. Moreover, symmetry operators of the twistor
equation can also be constructed from normal CKY forms in Einstein manifolds [12, 14].
In this paper, we review the constructions of some superalgebra structures by using solutions of some special
spinor equations, their spinor bilinears and symmetry operators. For extended Killing superalgebras, the odd part of
the superalgebra consists of Killing spinors and even part correspond to KY forms. The bilinear operations of the
superalgebras are defined as the Lie bracket of KY forms, symmetry operators of Killing spinors and the spinor bilinear
map of spinors and they satisfy a superalgebra structure in constant curvature manifolds. They are generalizations of
Killing superalgebras which consist of Killing vector fields and Killing spinors. For extended conformal superalgebras,
the even and odd parts are CKY forms and twistor spinors, respectively. The bilinear operations correspond to
graded Lie bracket of CKY forms, symmetry operators of twistor spinors and spinor bilinear map of twistor spinors.
They satisfy a superalgebra structure in constant curvature manifolds and correspond to generalizations of conformal
superalgebras which consist of conformal Killing vector fields and twistor spinors. In Einstein manifolds, extended
conformal superalgebras can also be defined in terms of normal CKY forms and twistor spinors.
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2II. DIRAC AND TWISTOR OPERATORS
Let us denote the orthonormal coframe basis on a spin manifold M as {ea}. They correspond to the metric duals
of the frame basis {Xa} and we have the relation e
a(Xb) = δ
a
b . In terms of the Clifford product which is denoted by .
and the spinor covariant derivative ∇Xa with respect to any vector field Xa, the Dirac operator is defined as follows
6D = ea.∇Xa . (1)
Spinors that are in the kernel of the Dirac operator are called harmonic spinors and satisfy the following massless
Dirac equation
6Dψ = 0 (2)
and the eigenspinors of the Dirac operator with non-zero eigenvalue m satisfy the massive Dirac equation
6Dψ = mψ. (3)
For any vector field X and its metric dual X˜, the twistor operator is defined in n dimensions as
PX = ∇X −
1
n
X˜. 6D. (4)
Spinors that are in the kernel of the twistor operator are called twistor spinors and satisfy the following twistor
equation
∇Xψ =
1
n
X˜. 6Dψ. (5)
The existence of twistor spinors implies some constraints on the curvature characteristics of the ambient manifold. By
taking second covariant derivatives of the twistor spinors in (5) and using the definitions of the curvature characteristics
as Rab are curvature 2-forms, Pa = iXbRba are Ricci 1-forms and R = iXaPa is the curvature scalar, one obtains the
following integrability conditions of the twistor equation
∇Xa 6Dψ =
n
2
Ka.ψ (6)
6D2ψ = −
n
4(n− 1)
Rψ (7)
Cab.ψ = 0 (8)
where the 1-form Ka is defined as Ka =
1
n−2
(
R
2(n−1)ea − Pa
)
and Cab are conformal 2-forms. The manifolds that
admits twistor spinors are classified [22]. Especially, twistor spinors can exist on conformally flat spin manifolds.
Spinors that satisfy both twistor equation and massive Dirac equation are called Killing spinors and from (3) and
(5) one can see that they satisfy the following Killing spinor equation
∇Xψ = λX˜.ψ (9)
where λ := m/n is the Killing number which is a real or pure imaginary number. The integrability conditions of
Killing spinor equation restricts the curvature scalar of the manifold and it reads as
R = −4λ2n(n− 1). (10)
So, Killing spinors can exist on constant curvature or Einstein manifolds and Killing number is real for negative
curvature manifolds and pure imaginary for positive curvature manifolds.
3III. SPINOR BILINEARS
In a spin manifold M , let us denote the spinor space as S and the dual spinor space as S∗. The tensor product of
the spinor space and the dual spinor space gives the algebra of endomorphisms over the spinor space S ⊗ S∗ = EndS
and it corresponds to the Clifford algebra of relevant dimension. So, the spinor bilinears which are the tensor products
of a spinor with its dual can be written as a sum of different degree differential forms
ψ ⊗ ψ = (ψ, ψ) + (ψ, ea.ψ)e
a + (ψ, eba.ψ)e
ab + ...+ (ψ, eap...a2a1 .ψ)e
a1a2...ap + ...+ (−1)⌊n/2⌋(ψ, z.ψ)z (11)
where ea1a2...ap = ea1 ∧ ea2 ∧ ... ∧ eap , ⌊⌋ is the floor function that takes the integer part of the argument and z is the
volume form. ( , ) is the spinor inner product an (11) is called as Fierz identitiy. The p-form components on the right
hand side of (11) are called p-form Dirac currents and denoted as
(ψψ)p = (ψ, eap...a2a1 .ψ)e
a1a2...ap . (12)
For p = 1, the vector fields that are metric duals of them are called Dirac currents.
Dirac currents of Killing spinors correspond to Killing vector fields. Moreover, p-form Dirac currents of Killing
spinors or their Hodge duals, depending on the degree of the form and the automorphisms of the Clifford algebra
that are used in the definition of the spinor inner product, satisfy the KY equation [1]. KY forms are antisymmetric
generalizations of Killing vector fields to higher degree differential forms. A KY p-form ω satisfy the following equation
∇Xω =
1
p+ 1
iXdω (13)
for any vector field X and d denotes the exterior derivative operation, iX denotes the interior derivative or contruction
operation with respect to X . So, the p-form Dirac current defined in (12) is a squaring map of a spinor which takes
a Killing spinor (or two different Killing spinors) and gives a KY form. In constant curvature manifolds, KY forms
constitute a graded Lie algebra structure under Schouten-Nijenhuis (SN) bracket which is defined for a p-form ω1 and
a q-form ω2 as follows
[ω1, ω2]SN = iXaω1 ∧ ∇Xaω2 + (−1)
pqiXaω2 ∧∇Xaω1. (14)
This gives a (p + q − 1)-form which satisfies (13) and the graded Lie algebra structure of KY forms arises from the
fact that SN bracket has the following properties of (skew)-symmetry and graded Jacobi identity
[ω1, ω2]SN = (−1)
pq[ω2, ω1]SN (15)
(−1)p(r+1)[ω1, [ω2, ω3]SN ]SN + (−1)
q(p+1)[ω2, [ω3, ω1]SN ]SN + (−1)
r(q+1)[ω3, [ω1, ω2]SN ]SN = 0 (16)
where ω3 is a KY r-form [2, 18]. In particular, one cane see that odd KY forms satisfy a Lie algebra with respect to
SN bracket.
On the other hand, Dirac currents of twistor spinors are conformal Killing vector fields and p-form Dirac currents
of them correspond to CKY forms [1, 24]. CKY forms are antisymmetric generalizations of conformal Killing vector
fields to higher degree differential forms and a CKY p-form ω satisfy the following equation in n-dimensions
∇Xω =
1
p+ 1
iXdω −
1
n− p+ 1
X˜ ∧ δω (17)
for any vector field X and δ denotes the co-derivative operation. So, the p-form Dirac current defined in (12) is a
squaring map of a spinor which takes a twistor spinor (or two different twistor spinors) and gives a CKY form. Indeed,
KY forms are a subset of CKY forms which are co-closed δω = 0 as can be seen from (13) and (17). In constant
curvature manifolds, CKY forms constitute a graded Lie algebra structure with respect to the following bracket which
is defined for a CKY p-form ω1 and CKY q-form ω2
[ω1, ω2]CKY =
1
q + 1
iXaω1 ∧ iXadω2 +
(−1)p
p+ 1
iXadω1 ∧ iXaω2
+
(−1)p
n− q + 1
ω1 ∧ δω2 +
1
n− p+ 1
δω1 ∧ ω2. (18)
This gives a (p+ q − 1)-form which satisfies (17) and the graded Lie algebra structure of CKY forms arises from the
fact that CKY bracket has the following properties of (skew)-symmetry and graded Jacobi identity
[ω1, ω2]CKY = (−1)
pq[ω2, ω1]CKY (19)
(−1)p(r+1)[ω1, [ω2, ω3]CKY ]CKY + (−1)
q(p+1)[ω2, [ω3, ω1]CKY ]CKY + (−1)
r(q+1)[ω3, [ω1, ω2]CKY ]CKY = 0 (20)
where ω3 is a CKY r-form. Moreover, normal CKY forms which are defined by imposing special constraints on the
integrability conditions of CKY forms also satisfy a graded Lie algebra structure in Einstein manifolds [13].
4IV. SYMMETRY OPERATORS
Symmetry operators are defined as solution generating operators for differential equations. A symmetry operator
of an equation takes a solution of the equation and gives another solution. A complete set of mutually commuting
symmetry operators of an equation can be used to find general solutions of the equation by the method of separation
of variables.
Lie derivative with respect to a Killing vector fieldK which is denoted by LK is a symmetry operator for the massive
Dirac equation (3). So, if ψ is a solution of the massive Dirac equation, then LKψ is also a solution. Similarly, LK
is also a symmetry operator for Killing spinor equation (9). Action of the Lie derivative with respect to K on spinor
fields is written as follows [19]
LKψ = ∇Kψ +
1
4
dK˜.ψ. (21)
Moreover, more general first-order symmetry operators of the massive Dirac equation can be written in terms of KY
forms [3, 7]. For a KY p-form ω, first-order symmetry operators of the massive Dirac equation are defined as
Lωψ = (iXaω).∇Xaψ +
p
2(p+ 1)
dω.ψ. (22)
(22) reduces to (21) for p = 1. However, different from LK case, (22) is a symmetry operator for Killing spinor
equation only for odd p and in constant curvature manifolds [12]. It can also be written in the following form by using
the Killing spinor equation (9)
Lωψ = −(−1)
pλpω.ψ +
p
2(p+ 1)
dω.ψ. (23)
These can be summarized as follows
6Dψ = mψ

∇Xψ = λX˜.ψ

LK
all p

LK
odd p, const. curv.

Lω = iXaω.∇Xa +
p
2(p+1)dω
p=1
II
Lω = iXaω.∇Xa +
p
2(p+1)dω
p=1
II
A Killing vector field K preserves the metric structure g on the manifold; LKg = 0. On the other hand, a conformal
Killing vector field C preserves the metric up to a conformal factor; LCg = 2µg where µ is a function. Since massless
Dirac equation and twistor equation are conformally covariant equations, their symmetry operators are related to
the conformal symmetries of the manifold. In n-dimensions, the following operator, written in terms of a conformal
Killing vector field C and related function µ, is a symmetry operator for the massless Dirac equation
LC +
1
2
(n− 1)µ. (24)
Indeed, more general first-order symmetry operators for the massless Dirac equation can be written in terms of CKY
forms [6]. For a CKY p-form ω, general first-order symmetry operators are defined as
Lωψ = (iXaω).∇Xaψ +
p
2(p+ 1)
dω.ψ −
n− p
2(n− p+ 1)
δω.ψ. (25)
This reduces to (24) for p = 1 because of the equality δC˜ = −nµ. Symmetry operators of twistor equation can also
be written in terms of conformal Killing vector fields as
LC −
1
2
µ. (26)
More general first-order symmetry operators of the twistor equation can also be written in terms of CKY forms as in
(25). However, in that case we have the following first-order symmetry operator for a CKY p-form ω
Lωψ = (iXaω).∇Xaψ +
p
2(p+ 1)
dω.ψ +
p
2(n− p+ 1)
δω.ψ (27)
5and the manifold has to have constant curvature. This also reduces to (26) for p = 1. It is also a symmetry operator
of the twistor equation for normal CKY forms in Einstein manifolds [14]. By using the twistor equation (5), (27) can
also be written in the following form
Lωψ = −(−1)
p p
n
ω. 6Dψ +
p
2(p+ 1)
dω.ψ +
p
2(n− p+ 1)
δω.ψ. (28)
Conformal cases can be summarized as follows
6Dψ = 0

∇Xψ =
1
nX˜. 6Dψ

LC +
1
2 (n− 1)µ

LC −
1
2µ
const. curv.,Einstein

Lω = iXaω.∇Xa +
p
2(p+1)dω −
n−p
2(n−p+1)δω
p=1
JJ
Lω = iXaω.∇Xa +
p
2(p+1)dω +
p
2(n−p+1)δω
p=1
JJ
V. EXTENDED SUPERALGEBRAS
The relation between Killing spinors and Killing vector fields gives rise to a superalgebra structure called Killing
superalgebra. Similarly, twistor spinors and conformal Killing vector fields also constitute a superalgebra that is
conformal superalgebra [11, 17, 22]. However, we know that from the squaring map of Killing spinors and twistor
spinors higher degree objects such as KY forms and CKY forms arise and this may lead to extensions of the Killing
and conformal superalgebras. In this scetion, we show that these extensions are possible in constant curvature and
Einstein manifolds through generalized symmetry operators.
A superalgebra g = g0⊕g1 is a graded algebra with the even part g0 and the odd part g1. A bilinear multiplication
operation that defines the superalgebra structure is given as follows
[., .] : gi × gj −→ gi+j (29)
where i, j = 0, 1 mod 2. For the elements a, b ∈ g, the bilinear operation satisfies the following (skew)-symmetry
property
[a, b] = −(−1)|a||b|[b, a] (30)
where |a| corresponds to 0 or 1 for a is in g0 or g1. If the bilinear operation satisfies the graded Jacobi identities, then
the superalgebra is called a Lie superalgebra.
Killing superalgebras g = g0 ⊕ g1 defined in terms of Killing spinors and Killing vector fields. The even part g0 of
the superalgebra correspond to the Lie algebra of Killing vector fields and the odd part g0 consists of Killing spinors.
The bilinear operations of the superalgebra are defined as follows. The even-even bracket which takes two Killing
vectors and gives again a Killing vector is the ordinary Lie bracket [. , .] of vector fields
[. , .] : g0 × g0 −→ g0 (31)
The even-odd bracket which takes a Killing vector and a Killing spinor and gives a Killing spinor is the Lie derivative
L of spinor fields with respect to Killing vector fields since it is a symmetry operator for Killing spinors
L : g0 × g1 −→ g1 (32)
The odd-odd bracket which takes two Killing spinors and gives a Killing vector field is the metric dual of the 1-form
part of the squaring map defined in (12) which is the Dirac current of the Killing spinor
( )1 : g1 × g1 −→ g0 (33)
Since these brackets satisfy the (skew)-symmetry condition in (30), we have the Killing superalgebra of Killing vector
fields and Killing spinors.
As we have seen in Sections 3 and 4, p-form Dirac currents of Killing spinors correspond to KY forms or their Hodge
duals and symmetry operators of Killing spinors can be generalized to odd KY forms. This means that we can extend
6the Killing superalgebra to include KY forms [12]. Let us denote the extended Killing superalgebra as g¯ = g¯0 ⊕ g¯1
where the even part g¯0 is the Lie algebra of odd KY forms and the odd part g¯1 is the space of Killing spinors. Now,
we can define the brackets of the extended superalgebra in terms of SN bracket, generalized symmetry operators and
p-form Dirac currents. Since the graded Lie algebra of KY forms defined in (14) and symmetry operators of Killing
spinors written in terms of KY forms in (23), can only be defined in constant curvature manifolds, extended Killing
superalgebras can only be constructed in constant curvature manifolds. The even-even bracket corresponds to SN
bracket of KY forms since odd KY forms satisfy a Lie algebra with respect to it
[. , .]SN : g¯0 × g¯0 −→ g¯0 (34)
The even-odd bracket is the generalized symmetry operators of Killing spinors defined in (23)
L : g¯0 × g¯1 −→ g¯1 (35)
The odd-odd bracket is defined as the p-form Dirac currents of Killing spinors written in (12)
( )p : g¯1 × g¯1 −→ g¯0 (36)
These brackets satisfy the (skew)-symmetry condition in (30) and we can define the extended Killing superalgebra in
terms of odd KY forms and Killing spinors in costant curvature manifolds.
We denote conformal superalgebras as k = k0 ⊕ k1 which consists of twistor spinors and conformal Killing vectors.
The even part k0 is the Lie algebra of conformal Killing vector fields and the odd part k1 is the space of twistor spinors.
The bilinear operations are defined as follows. The even-even bracket is the ordinary Lie bracket of vector fields and
conformal Killing vector fields satisfy a Lie algebra with respect to it
[. , .] : k0 × k0 −→ k0 (37)
The even-odd bracket is the symmetry operator of twistor equation which is defined in terms of conformal Killing
vectors in (26)
L −
1
2
µ : k0 × k1 −→ k1 (38)
The odd-odd bracket is the metric dual of the 1-form part of (12) for twistor spinors, namely the Dirac currents of
twistor spinors which correspond to conformal Killing vectors
( )1 : k1 × k1 −→ k0 (39)
These brackets satisfy the (skew)-symmetry condition and they consist the conformal superalgebra of twistor spinors
and conformal Killing vector fields.
Similar to the case of Killing superalgebras, we can extend conformal superalgebras to include CKY forms by using
the generalized symmetry operators in (28) and the graded Lie algebra structure of CKY forms in (18). Since the
graded Lie algebra structure of CKY forms are constructed in constant curvature manifolds for all CKY forms and in
Einstein manifolds for normal CKY forms, the extended conformal superalgebras are also defined in those cases [14].
Let us denote the extended conformal superalgebras as k¯ = k¯0 ⊕ k¯1 where the even part k¯0 consists of the graded Lie
algebra of CKY forms and the odd part k¯1 is the space of twistor spinors. The bilinear operations of the extended
conformal superalgebras are defined as follows. The even-even bracket is the CKY bracket defined in (18)
[. , .]CKY : k¯0 × k¯0 −→ k¯0 (40)
The even-odd bracket is the generalized symmetry operator of twistor equation defined in terms of CKY forms in (28)
L : k¯0 × k¯1 −→ k¯1 (41)
The odd-odd bracket is the p-form Dirac currents of twistor spinors defined in (12) which correspond to CKY forms
( )p : k¯1 × k¯1 −→ k¯0 (42)
Since these brackets satisfy the (skew)-symmetry condititon, we construct the extended conformal superalgebras of
twistor spinors and CKY forms in constant curvature manifolds or of twistor spinors and normal CKY forms in
Einstein manifolds.
7VI. CONCLUSION
Killing superalgebras and conformal superalgebras play important roles in supergravity theories in mathematical
physics [15, 16]. Supergravity Killing spinors which are parallel spinors with respect to supergravity spin connection
and define the number of preserved supersymmetries in the theory are related to geometric Killing spinors in Freund-
Rubin backgrounds which are solutions of different bosonic supergravity theories that consist of cartesian products
of various dimensional anti-de Sitter spaces and spheres. Because of the Killing superalgebras can characterize the
geometry of the underlying manifold, they can be used to classify the supergravity backgrounds in various dimensions.
Although, the classification problem is solved for maximally supersymmetric backgrounds, the general classification
of supergravity backgrounds has not been obtained yet. Similary, conformal superalgebras can characterize the
backgrounds for supersymmetric field theories coupled with conformal supergravity [9, 10].
We construct extended Killing and extended conformal superalgebras by including KY forms and CKY forms in the
superalgebra structure. Since KY forms and CKY forms satisfy graded Lie algebra structures in constant curvature
manifolds and they can also be used in the construction of symmetry operators of Killing and twistor spinors, the
extended superalgebras can be constructed consistently. So, the extended Killing and conformal superalgebras may
provide new insights in the classification problem of supergravity and conformal supergravity backgrouns since they
include more general geometric structures that characterize the properties of the underlying manifold.
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